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The Curry-Howard isomorphism

The simply typed lambda calculus

The A-terms:
A=V | (AV.A) | (NA,

where V = {x,y,z,...} are variables.
We adopt Krivine's notation: (M)N stands for the application of N to M.

Moreover,
(Ml)Mz . M,,,an - ( .. (M]_)M2) .. .)M,,,l)M,,.
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The Curry-Howard isomorphism

The simply typed lambda calculus

The types are built from a set Vr of atomic types with the connective —-:

T = V’ﬂ"T—)T
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Typing rules

A context I': a finite set of declarations of the form x : A.
Let | = {A|x:AeT for some x}. Then:

MNx:AFx: A

Mx:AFM:B [FM:A—B THEN:A
[FAx.M:A— B M- (M)N:B

The A-term M is called typable with type A, if [ = M : A is derivable using the rules
and axioms.
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The Curry-Howard isomorphism

An example
LetN={x:A—=(B—C),y:A— B, z: A}. Then,

r-x:A—-(B—-C) TFz:A TrFy:A—-B TFkz:A
N-=(x)z:B—C N=(y)z:B
M= ((x)z)(y)z: C
x:A=>(B—=C),y:A—= BF Xz((x)z)(y)z: A= C
x:A—=(B—= C)F Ayz.((x)z)(y)z: (A— B) = (A— C)
FAxyz.((x)2)(y)z: (A= (B— C)) = ((A— B) = (A— Q)
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The Curry-Howard isomorphism

Types as formulas

When we omit the indications of the terms, we obtain a correct derivation of the end
formula.

MNFA—-(B—C) |IFA [INFA—=B |[[FA
NFB—C '+ B
IlFC
A—-(B—C),A-BFA—=C
A-(B—=COFA—-B)— (A= 0
FAA=-(B—=C)—= (A= B)—(A—= ()
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The Curry-Howard isomorphism

The Curry-Howard isomorphism

This phenomenon is referred to as the Curry—Howard isomorphism and was first
observed by Curry in the 1930s and (re)discovered by Howard in 1968.

It was widely believed that the Curry—Howard isomorphism is valid only for
intuitionistic logic, until Griffin and Murthy discovered in the 1990s that certain terms
expressing control can be given the type =—A — A.
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The Curry-Howard isomorphism

The classical case

From that point on, several calculi realizing the Curry-Howard isomorphism for classical
logic have been discovered. For example,

» Rehof and Sorensen’s Ap,

» Curien and Herbelin's Auji,

» Krivine's \C,

» Berardi and Barbanera's A>™,
>

Parigot’s Ap.
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Definitions and notation

Definitions and notation

» Let V) = {x,y,z,...} denote a set of A\-variables and V,, = {a, 3,7, ...} denote
a set of u-variables, respectively. Formation rules for Au-terms:

T = V,\ ’ )\V)\T | (T)T ‘ [VH]T ’ MV,u-T

» In a A\pu-term, the A and p operators bind the variables in their scope. We consider
terms modulo correct renaming of bound variables.
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Definitions and notation

Definitions and notation

The types are built from a set V1 of atomic types and the constant L with the
connectives = and —.

T = VrU{l} | =T | T—T

A context: a pair (I', ©).
» [: finite set of declarations of the form x : A
» O: finite set of declarations of the form o : —A
If x: A— 1, we may also write =A for A — L.
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Definitions and notation

Definitions and notation

The typing rules are:

X

a
Nx:A0Fx:A

Nx:A©FM:B . rrerM:A— B r;@I—N:A_>
eFAxxM:A-B er(MN:B ‘
Na:-A0FM:A N Ma:-A0FM: L
Na:—-AOF[a]M: L ’ L OFpuaM: A ‘
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Definitions and notation

Below, let ' ={x: =B —-A, y: A z:B},©0={a:-B}and["=T\{z: B}. Then
rerz:B
OF[a)z: L
"0k Az|a]z: -B
Moekr(x)Azfajz: -A T 0kFy: A
0k ((x)A\z.]a]z)y : L
ME pa((x)Az.[a]z)y : B
x:=B = —-AF Ay.pa.((x)Az.[a]z)y :A— B
F Axy.pa.((x)Az.[a)z)y : (B — —A) — (A — B)
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Definitions and notation

Definitions and notation

If we omit the terms annotating the type formulas, we obtain a full fledged proof of
(=B — —-A) —» (A— B).

Ir =81 |1+ -83

AneL
M| k=B — -A® M+ =B
M- =A I = AG)
M|+ L

)
-B — —\A,A FB

(3)
-B—--AFA—B
F (=B — -A) — (A— B)

(4)
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Definitions and notation

Reduction rules

We use several types of substitution in the Au-calculus.

» [-substitution: M[x := N] is obtained from M by exchanging the free occurrences
of x in M with N.

» u-substitution: M[a :=, N] is obtained from M when we replace all subterm
occurrences [a]U of M by [a](U)N recursively.

» u/-substitution: M[a :=; N] is obtained from M when we replace all subterm
occurrences [a]U of M by [a](N)U in a recursive manner.

» p-substitution: M[a := f3] is obtained from M by replacing the free occurrences of
ain M by g

The notation M, stands for the erasure of every occurrence of [«] from M.
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Definitions and notation

Reduction rules

With this in hand, we are able to define the reduction rules.
» [-reduction: (AxAMB)NA: B —5 MB[x := N]: B
» s-reduction: (ua~A7B) MYYNA: B = ua~B.M*[a:=, N]: B
» u/'-reduction: (N)A7Bua™A M+ : B — pa B Mo = N]: B
» p-reduction: [a AJuBAML L —, M3 :=a]: L
» O-reduction: pa~A.[a"AIMA A —, MA: A provided a ¢ fv(M)
» c-reduction: pa A puBE ML L A . uaﬁA.l\/llé- DA
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Definitions and notation

Reduction rules

» [-reduction: eliminates subsequent occurrences of —; and —..

Nx:A06FM:B .
HrOorFMxM:A— B
OF(Ax.M)N:B

where ' = M[x := N] : B is obtained from I' - M : B by exchanging all
hypotheses x : A with the derivation ' = N : A.

" TEN:A ~ [ OF M[x:=N]:B
H

e

Normalization Properties of \u-Calculus 16/53



Definitions and notation

Reduction rules

» u-reduction: p propagates an argument toward occurrences marked by a.

» Given the declaration o : A — B, we have M : L. We consider the declaration
a : B and replace in M each subterm of the form [«]P by [«](P)N to obtain a
term of type B.

» At the proof level, u-reduction corresponds to the simplification of a reasoning by
contradiction, when an application of a |-elimination is replaced by
1 -eliminations of lower type complexity.
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Definitions and notation

Reduction rules

NHa:-(A—B),0FM: L
rekruaM:A—B ¢ rreoFN:A ~ [ OF pa.M[a:=, N] : B
—e
Ok (ua.M)N : B

Locally,

[aﬁ(A—>B)] UA—>B — [OFB](UA—>B)NA
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Definitions and notation

Reduction rules

» /-reduction: i/ propagates the right-side functional part toward occurrences
marked by an application with the p-variable

» It is the symmetric counterpart of rule p. Given the declaration o : —A, we have
o.M 2 A by an application of L. If we also have N : A — B, then (N)ua.M : B
and (N)ua.M : B — pa.M[a :=; N]. It suffices to start with the declaration
a : B and to replace in M each subterm of the form [«]|P by [a](N)P.

» Here, we observe that there is no direct relation between the two types associated
with « before and after the reduction.
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Definitions and notation

Reduction rules

MNa:-A0FM: L L
rnor-FN:A—B Ok ua.M:A € I 0F pa.M[a:=; N]: B
[+ (N)ue.M: B ‘

Locally,

[a—\A] UA ~ [aﬂB](NA%B) UA

Normalization Properties of \u-Calculus 20/53



Definitions and notation

Simplification rules

» p-reduction: If we obtained a derivation of [S]uca.M : L, then, necessarily,

a, B : =A for some A. Hence, p-reduction can be interpreted as a simplification of
proofs: it is enough to replace every occurrence of the assumption « : =A by the
same type of assumption 5 : = A throughout the derivation.

» O-reduction: Given the declaration o : =A, we have M : A, hence pa.[a]M : A.
This term reduces simply to M, provided that o does not appear free in M.

» c-reduction: Given the declaration o : —A and the relation pa.ug.M : A, we
necessarily have 3 : —=L. We eliminate uf as well as all occurrences of [5] in M to
obtain a term of type A. Hence, e-rule removes a proof of L obtained from L by
contradiction.
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Definitions and notation

Why the /-rule?

Proposition

Let t be a (closed) term of the second order propositional A-calculus. Then
tN=X—->X—=>X)=X iff t = AxAf.(F)"x

for some n € N.

On the other hand,

Ao (F) uBled (F)uy [BI(F)(F) BV (F) v [Blx

is a Au-term of type N with value 3.
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Why the /-rule?

In Parigot's original calculus, a proof that n is a natural number may normalize to a
term different from the Church numeral n.

» Such terms are called classical natural numbers.

» Their effective numerical value may be difficult to recover.

Possible solutions

» An algorithm for extracting the value of a classical natural number (Parigot).

» A Krivine-type storage operator to simulate call-by-vallue in a call-by-name
language (Nour).

» The introduction of the symmetric counterpart of y as a new rule, which is called
the p/-rule (Parigot).
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Definitions and notation

Reduction rules

Theorem (B.; Nour 2022)

Let x, f be two different X-variables. If = M : N" and ((M)x)f € WN gy poe, then
dneN: ((M)X)f = Bup! phe (f)nX.

In particular, to extract the value of a Au-term of type A/, we have make use of all the
reductions S’ pbe.
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Definitions and notation

Reduction rules

Let M = Ax.pa.[a)Ag.(g)uB.uy. [ A f.(F)x. Let x : X, F: X = X, g: X — X,
a:=((X—=X)—=X), p:-X and v:—L, then - M : N. Furthermore,

(M)x)f =
B
u
—B
B

Normalization Properties of \p-Calculus

((Ax.pafo]rg - (g)uB.py [ AF.(F)x)x)
(pa.la]rg.(g)uB.py-[a]Af (F)x)F

pa.fal(Ag.(g)uB-py-[a](Mf.(F)x)F)f
pa.fa)(Ag-(g)uB-py-[a](F)x)f
pec[a](F)pB.py-[o] (F)x
pec[a](F)pB-la](F)x

r pacfo]pB.[o](F)x

pa[a](F)x
(F)x.
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Definitions and notation

Why de Groote's syntax?

The typing rule representing reductio ad absurdum by Parigot:

Ma:-AQOFM:A
IOk pafa]M: L

De Groote split it into two rules:

NMa:-A0FM:A N F;a:ﬂA,GI—M:J_J_
Na:=AOF [a]M: L ' Mok ua.M: A
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Definitions and notation

Why de Groote's syntax?

In Parigot’s original calculus (when
N={x:A y:—A}LO={a:-A g:—-Ll, y:—-L}):

MeokEx:A
Ok [a]x: L
HeO\{f:~L}Fubalx: L
F\{x:ALO\{B: L} Ax.uB.[a]x : -A
FT\{x:ALO\{B: L} (y)x.ub.la]x: L
M\ {x 2 AR O\ {5 =L} - [11(y)cubilade - L
y Ay oL pod[y](y)Ax.pB.lalx - A
v oLl E Ay pay](y)Ax.pb.alx : 2—A = A

The hypothesis v : =L never disappears from the set of assumptions.
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Definitions and notation

Why de Groote's syntax?

Possible solutions

» de Groote's modification of the syntax.

» M\-top calculus due to Herbelin and Ariola.

In what follows, we choose de Groote's version of the Au-calculus.
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Definitions and notation

Why de Groote's syntax?

The previous proof in de Groote's terms (assuming [ = {x : A, y : =—A},
© = {a: -A}):
OokFx:A
OF[a]x: L
M\ {x:ALOF Ax.[a]x: -A
T\ {x:ALOF (y)\x.[a]x: L
y:——AF po.(y)Ixfao]x A

FAy.pa.(y) \x.Ja]x : =——A = A
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Definitions and notation

Two calculi, two normalization problems

We study two reduction systems:

Brpet
B ped
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Definitions and notation

Strong vs. weak normalization

Definition
1 M € SNx if every R-reduction sequence starting from M is finite.
2 M € WN if some R-reduction sequence starting from M reaches a normal form.

1 (Parigot, 1993) Let R = Supeb in the typed A\u-calculus. Then R is strongly
normalizing.

2 (B.; Nour, 2022) Let R = Buu/peb in the simply typed Ap-calculus. Then R is
weakly normalizing.

We remark that pu’ together with p is not strongly normalizing and together with ¢ is
not even weakly normalizing (B., 2007).

Normalization Properties of \u-Calculus| 31/53



Definitions and notation

Why a new proof method?

Earlier normalization proofs were mainly syntactic and arithmetical.
They typically required

» inductions on several measures;

» separate treatment of different reduction rules;

» technical commutation lemmas;

» substantial reconstruction when new reductions were added.

Develop a single semantic framework in which the desired normalization property
follows by choosing an appropriate parameter for the interpretation.
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The realizability strategy

The basic idea is to interpret each type A by a set of terms Z(A), where Z(A) C L.

The main goal is:

NoFM:A = MecI(A).

This would imply

M is typable — Me 1.

Thus, by assigning different computational meanings to 1L, we obtain different
properties of the calculus. Hence, the semantics is parametrized by I .
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Definitions and notation

The realizability strategy’

The case of the simply typed lambda calculus with 1L = SN (Tait, 1967; Girard,
1971):

Definition
Let A denote the simply typed A-calculus terms.
1I1f A B CA, then

A= B={Fel]|(Vaec A)(FacB)}.

2 [A] = L(= SNg) if A€ Vr.
3 [X]=[U] — [V], where X =U — V.

!Based on Sgrensen; Urzyczyn: Lectures on the Curry-Howard isomorphism
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Definitions and notation

The realizability strategy

Definition
1 Aset S C I is saturated if
©® Foralln>0and My,..., M, € L:

)My ---M, eS8
@ Foralln>1and My,... . M, e 1

(M()[X = Ml]) My---M,eS = ()\X.Mo)Ml My---M,eS

S={X C A| X is saturated}.
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Definitions and notation

The realizability strategy

1 L(=S8Njg)€S;
2 A BeS=A— BeS,
3 X el = [X] €S. In particular, if x : X, then x € [X].
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Definitions and notation

The realizability strategy

Definition
1 A valuation is a map p: V — A, where V is the set of term variables. The
valuation p(x := N) is defined by

= {1 I

p(y) otherwise.
2 Let p be a valuation. Then
M), = M[x1 := p(x1), ..., Xn = p(Xn)],

where FV(M) = {x1,...,xn}.
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Definitions and notation

The realizability strategy

Definition

3 Let p be a valuation. Then
pE=EM:A iff [M], e [A]

Also, p =T iff p(x) € [A] for all x: AeT.
4

Fr=M:A iff Vp: p=Tl = pEM:A
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Definitions and notation

The realizability strategy

Lemma (Adequacy)

r-M:A = T EM:A

-M:A = MeSNg.

.

IfTEM:A then T =M : A Foreach x: X €T, let p(x) = x. Then x € [X] holds
since [X] € S. Then p =T, and we have

M = [M], € [A] C SN;.
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Definitions and notation

The case of the Au-calculus

The main difference lies in the following typing rules:

a:-AM: 1L = [o]M: L,
M:La:mA = paM:A.

If we interpret [L] = L, the interpretation must allow us to pass from

Mel to paMel[A]
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Crucial idea (Parigot, 1997)

For a set X of finite sequences of terms in I, define
X ~ I ={M|(M)P € L for any initial segment P of an arbitrary element of X'}.
Intuitively:

» X describes a collection of finite sequences of arguments,
» M e X ~» I means that M sends all such sequences into L.

This is the operation used to construct the reducibility candidates.
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Definitions and notation

Saturation

A saturated set S C A is stable under term construction and expansion with - and .

In our case:
MeS xelV, = IMxMEeS,
MeS,acV, = paMecsS,
MeS,aeV, = [a]MeS,
xeEVy,Nel<¥ = (x)NeS,
MeT,PeT<“ NeS,(Mx:=N)PecS = (Ix.MNPeS,
MecT,NeS¥ uaMa:= NS = (ua.M)NEcS.
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Definitions and notation

Semantic consequence
Definition (The ~~ operator)
Let 1 be a saturated set and consider K, L C I, and X C 1L.<¥. Then:
K~y L={Mel | YNeK, (M)Ne L}

X~y L={Mecl | VNe &, if PC N, then (M)P c 1},

where P C N means that P is an initial segment of N.

Definition (L-saturated sets)

Let I be saturated. We call S a | -saturated set if the following property holds:
3X3gl<w,S:Xg ~ .
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Definitions and notation

Weakest precondition

For a semantic set S, define its weakest precondition

St=J{lxcL|s=x~ 1}

The crucial property is

S=8Lt -« 1.
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Definitions and notation

Interpretation

» We define a 1-model M in a way such that, for every § € M, S is L -saturated.
» If M is a I-model, then an I -interpretation J is a function such that
o J(L)=11,
o J(A— B) =17(A) ~ J(B).
These conditions are tailored so that the interpretation of every type remains inside L.
That is, J(A) C L for any type A.
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Definitions and notation

The adequacy theorem

Let M € T and o be the simultaneous substitution
[(X,' = M;)lg,'gn; (Oéj =, Nj)lgjgm]- Then Mg is obtained from the Au-term M by
replacing each x; by M; and replacing inductively each subterm of the form [oj]U in M

by [a;](U)N;.

Theorem (General correctness theorem)

Let M be a 1.-model, 3 an M-interpretation,

M= {x:Ati<i<n, © ={qj: 2Bj}1igj<m,

M; € 3(A;) forall1 <i<n, PiC N; e j(Bj)JL for all 1 < j < m and
o = [(xi :== Mi)i<i<ni (o :=r Pj)i<j<m].

IfT;©F M : A, then Mo € 3(A).
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Definitions and notation

The adequacy theorem

By induction on the derivation [;© - M : A.

We consider only the case L. In this case, I'; © - M = pa. N, hence,
re,a:-AFN: L, where ® =0+ (a: A).
» Since @ € J(A)* and No = No’ where o/ = o + [a :=, @], we obtain, by IH,
No € 3(L) = L, hence, Mo = pa.No € L.
» Let PC N ¢ J(A)*. We have (Mo)P = (pa.No)P —,, . No” where
0" =0+ [a:=, Pl. By IH, No" € L =73(L) and
pae.No” = pa.No[a :=, P] € 1L, hence (Mo)P € L. Therefore
Mo = pa.No € 3(A).
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Definitions and notation

Correctness

Corollary (Correctness lemma)

IfT:©F M : A and L is a saturated set, then M € .

Assume I = {X,' : Ai}lgign and © = {Oéj : _‘Bj}lﬁjgm- Let M be the I -model
containing only the set L and J the M-interpretation defined by J(X) = L for all

X € Vr. Since x; € 3(A;) for all 1 < i< nand 0 € 3(B;)L for all 1 < j < m, then, by
the general correctness lemma,

M = M[(x; := xi)1<i<n; (o :=r 0)1<r<j] € I(A) C L. O
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Definitions and notation

The Parameter

The semantics is parameterized by the set of terms L. Different choices of 1L will yield
different consequences.

To prove a normalization property for all typable terms, it suffices to prove that the
corresponding set I is saturated.
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Definitions and notation

Case I: Strong normalization

Take

L =7:N SNgMpgg.

The main technical work is to verify the six saturation conditions.

The set L is saturated.

Hence, by the correctness lemma,

MeT. = MeSNgum0
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Definitions and notation

Why 1/ changes the picture

Reductions p, 1/ and p together destroy strong normalization.

Let
U = pa.la][a]x, M = (u8.U)U.

Taking x: L,av: =L, 8 :=(L — L), M is typable, but there is a reduction sequence
M — s pov[e](pB.U)[e] (18- U)x — ., par.[a] (uB-U)[a]uB.U
— pocfalM(—9 M).

Therefore

M ¢ Te 0 SN g peo-
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Definitions and notation

Case II: Weak normalization

The case of Buu’peh-reduction must concern weak, rather than strong, normalization.
Now take

1" =7iN WNﬂ;m’peG'

1" is saturated.

Hence,

MeT: = MeWNguupeo

In both cases, the assumption of typability is essential for the proofs to work.
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Definitions and notation

Summary

Advantages

» All reduction rules are treated simultaneously. Logical (3, i, 1) and simplification
rules (p, e,0) need not be separated.

» The parameter 1L makes the proof “reusable”.

Disadvantage

Unlike the “combinatorial” proofs, realizability proofs do not allow us to extract
normalization algorithms from the proofs.
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